Test 2 Theory of Probability April 4, 2019
MATH 464 Dr. Abdul-Rahman

Name: Signature:

1. [15 points| A random variable X has the following moment generating function

3 1
Mx (t) =c+ Zet + ge%

(a) Write the probability mass function of X, i.e., fx in a tabular form.
(b) Find a formula for the n-th moment of X, i.e., E(X™) for n =1,2,...
(c) Find Var(X?).



2. [15 points| Let X be a continuous random variable with density function

0<zx<1
otherwise.

(a) Find ec.
(b) Find the distribution function of X, i.e., Fx (z).



3. [15 points] Let X and Y be two independent random variables with the following probability mass functions

Fx(2) = fx(®) = fyr(1) = fy(2) = 5.

Let U := XY and W := X/Y.

(a) Find E(U) and E(WW).
(b) Find Var(UW).
(¢) Find P(X =2,U =2) and P(W =2,U =4).



4. [15 points] Let X ~ Exp()), for A > 0. Find the distribution and the density of ¥ = VX +1 — 1.



5. [15 points| Suppose X1, ..., X, are independent random variables with E(X;) = p and Var(X;) = o2 for all
i=1...n.Let Yy =X51+...+ X for 1 <k <n.

(a) Find E(Y2).
(b) Find E (X7, V).



6. [15 points| If X is a discrete uniform random variable on {0,1,...,a}, i.e.,

1
P(X:k'):ﬁ, fOrk:O71,2,...,6L,
a

show that X has moment generating function
1— et(a+l)



7. [15 points| Let X and Y be independent discrete random variables. Given that

0, if nis odd

1 if nis even

E(X™) =3""! and E(Y") = {

(a) Give an example of such random variables X and Y.
(b) Let Z=2X 4Y. Find the mean and variance of Z.
(c) Let W =Y? — 2V X. Find the mean and variance of W.

forn=1,2,...



‘ 1- Discrete Random variables‘ (for0<p<1,weuseq:=1-—p)

Bernoulli: X ~ Bernoulli(p)
P(X=1)=p and P(X=0)=

E(X) =p, Var(X)=pq, Mx()

Binomial: X ~ Binomial(n,p), n € N.

E(X) =np, Var(X)=npg, Mx(t) = (q+pe")".

Geometric: X ~ Geometric(p)

1 q pe’
E(X)=— X) ==, Mx(t) = .
(0 =1, Varlx) = &, w0 = 12
Poisson: X ~ Poisson(A), A > 0.
Neem>
P(X =k) = I k=0,1,...

E(X) =), Var(X)=\ Mx(t) =D,

Negative Binomial: X ~ NB(n,p), n € N.

2- Continuous Random variables

Uniform: X ~ Uf(a,b), where a < b.

1
_ = a<z<b
Fx(@) = { 0 otherwise
a+b (b—a)? ebt — et
E(X) = X) = M = — .
(0= 50 varx) = ETE e = S5 120
Exponential: X ~ Exp(\), where A > 0.
Xe ™ x>0
Fx(z) = { 0 otherwise
E(X) = £, Var(X) = -, Mx(t) = 2, t <A
- ) - )\27 X - )\ )
Normal: X ~ N(u,0?), where p, o € R.
1 (z —w)?
fx(z) = Wexp (f 572 , —oo <z < oo.
(et)?
E(X)=p, Var(X)=o% Mx(t) ="z
Cauchy:
1
fX(l')—m, o< T <oo.
E(X) = undefined, Var(X) = undefined.
Gamma: X ~ I'(w, \), where w, A > 0.
L awgeTlemA 250 °
= I'(w) ’ r — w—1 T
Fx(@) { 0 otherwise ’ (@) /0 oo

E(X) = ; Var(X) = =, Mx(t) = (L)w t< A




